We study the gyroscopic motion of a trapped Bose gas containing a vortex. A quadrupole scissors oscillation results in vortex precession and the inhomogeneity in the condensate gives rise to vortex twisting. We model the system using a classical top description, a coherent hydrodynamic states method, and numerically by solution of the time-dependent GrossPitaevskii equation. The frequency spectrum of excitations are calculated and compared with experiment and hydrodynamic theory. The precession frequency is calculated and found to be consistent with experiment, though a small discrepancy exists. However the superfluid precession and nutation of the vortex is found to be inadequately described by the classical and hydrodynamic models. Quantum frequency shifts and helical oscillations associated with Kelvin wave modes are identified.
Introduction
Superfluidity is one of the most dramatic illustrations of the quantum nature of matter. Prior to the experimental realization of Bose-Einstein condensation (BEC) [1] . The quantization of angular momentum associated with the phase of the quantum fluid has been established through the observation of nucleation of vortices [2, 3] recently extending to large vortex lattice structures with grain boundaries [4] . Experimental studies on collective excitations of condensates subjected to impulsive torques have revealed the irrotational oscillatory flows which arise below the critical temperature [5, 6] . For homogeneous and inhomogeneous condensates, there is conclusive evidence, both theoretical and experimental, that the nucleation of vortices is the primary mechanism responsible for the onset of drag and dissipation in condensate flow [7, 8, 9] .
One of the fundamental properties of a pure quantum fluid is the coherence of the phase of the wavefunction where different regions of the condensate are phase-locked in their motion. This coherence is much stronger than a linear noninteracting quantum fluid. For example, in a two-dimensional flow of an infinite homogeneous condensate past an impenetrable obstacle, the requirement of upstream and downstream continuity in mass transport and phase gradient explains the capacity for superfluid flow past an obstacle [9] , and the transition to dissipation when local phase slip arises. Phase coherence is responsible for the quantization of circulation (angular momentum) and the capacity of the fluid to conserve its state of rotation unless acted upon by a critical external moment. Consequently, it was predicted [10] that a Bose-condensed gas could be made to exhibit gyroscopic motion. Very recently this phenomenon has been observed experimentally [11] and measured for the first time. In analogy with a spinning top slightly displaced from equilibrium by an impulsive moment, a slight tilt of the axis of rotation produces precessional and nutational motion. In this paper we show that internal flows past the vortex create a Magnus force which results in precession, this combined inhomogeneity in the condensate gives rise to vortex twisting into helical modes of oscillation.
The quantum gyroscope is also a unique diagnostic tool able to probe condensate flow velocities, acoustic waves, and pressures. The oscillating motion of a vortex, as we will show, is highly sensitive to density fluctuations and inhomogeneities. In this paper we study the dynamics of a single-quantum vortex lying near the axis of a cylindrically symmetric trap. In our study we have employed four different methods of analyzing the motion: (a) the Bogoliubov-de Gennes equations (b) the Gross-Pitaevskii equation, (c) hydrodynamic equations, and (d) classical equations. While methods (a) and (c) are essentially linearizations of (b), they are extremely important in identifying the underlying modes of excitation. We study the collective modes of the system and compare with recent hydrodynamic theory. We find that while many features of the gyroscopic motion are described by the hydrodynamic model, the vortex motion is significantly different. Firstly, the frequencies of precessional motion are shifted from the hydrodynamic predictions and secondly the vortex core performs a helical Kelvin wave oscillation not previously seen. 
Formulation of the problem
For cold weakly interacting gas, the ground state of the many-body wave function describing the condensate dominates the collective dynamics of the system. In experimental realizations one can achieve temperatures such that T ≪ T c (typically 0.1 to 1µK) and densities such that gas is weakly interacting and highly dilute. Under such conditions the condensate of N 0 ≫ 1 atoms is well described by a wavefunction governed by the Gross-Pitaevskii equation. The condensate acts as a classical mean field and the quasiparticle excitations are acoustic waves within this field. It is appropriate and convenient to use the linear response approximation, which is entirely equivalent to the Bogoliubov semiclassical approximation for single-particle excitations in highly condensed quantized Bose gases at zero temperature.
A dilute system of N 0 bosonic atoms mass m a trapped by external fields V ext (x, t) and interacting weakly through the two-body potential V (x, x ′ ). The two-body interaction can be represented perturbatively by the pseudo-potential V (x, x ′ ) = U 0 δ(x − x ′ ). The pair interaction is proportional to the s-wave scattering length a, such that U 0 = 4π 2 a/m a . The Hartree variational principle leads to the Gross-Pitaevskii equation:
A trial function consisting of a condensate function and a series of much smaller amplitude single-mode excitations particle can be written in the form :
For high occupation of the condensate (N 0 ≫ 1), that is low temperatures, we can treat 
This leads to the GrossPitaevskii equation for the condensate
and the Bogoliubov-deGennes (BdG) equations for the excitations:
where L ≡ − (4) is reflected in the fact that every set of solutions {ω j , u j , v j } has a corresponding set
, and the normalization can be chosen conveniently, for ω j > 0: 
Superfluid dynamics
The equivalent equations of fluid motion are the coupled differential equations describing the transport of mass and momentum [9] . The quantum variables of the mass density ρ and momentum current density J are defined as, ρ ≡ m a Ψ * Ψ and
, where the index k denotes the kth vector component, and repeated index summation convention is used. The fluid velocity is defined by v k ≡ J k /ρ, or equivalently in terms of the phase, χ, of the wavefunction, v k ≡ ( /m a )∂ k χ. The mass and momentum current conservation are:
where the momentum flux density tensor is defined;
The mass and momentum equations combine to give the acoustic equation:
The pressure can be written as p =
The hydrodynamic (classical) approximation arises from discarding the term ( /2m a ) 2 ρ∇ 2 ln ρ . The static equilibrium density, v j = 0, can be solved exactly under this assumption:
For small flow and density fluctuations about equilibrium, T (h) ij 
The relation of the torque (τ i ) by an external moment to the rate of change of angular momentum is given by:
where the fluid occupies the volume Ω, and ǫ ijk is the Levi-Civita symbol. Since T ij = T ji it follows that:
The conservation of circulation, Kelvin's theorem, and its quantization means that within the fluid, only those moments above a critical value can transfer angular momentum associated with vortex creation or destruction. Suppose the external potential is the trap offset by a rotation. Then the ellipsoidal potential can be written as the quadratic form:
a ij x i x j where a ij = a ji . Using this expression gives us:
The superfluid integral equation, τ i = 0, is simply a set of homogeneous linear equations for the quadrupole moments of the condensate, and these are the key physical parameters for the fluid motion in a trap.
Methods

Bogoliubov-de Gennes equations
Consider the atoms trapped within a cylindrically symmetric trap with the x 3 -axis of a Cartesian basis (x 1 , x 2 , x 3 ) as the axis of rotational symmetry. The static trap potential is given by V ext (r, 0) =
3 ), where ω 0 is the characteristic angular frequency of the trap and λ expresses the degree of asymmetry. A prolate spheroidal (cigar-shaped) trap corresponds to λ < 1, and the oblate spheroidal (pancake-shaped) trap to λ > 1. We will discuss the motion of a vortex which is initially in its steady state, straight with unit circulation, aligned along the z-axis. We use the convention of Goldstein [12] for the Euler angles (φ, θ, ψ), to describe the orientation of a set of body-fixed principal axes (x ′ , y ′ , z ′ ) with respect to the space fixed frame, as illustrated in figure 1 .
For convenience we use scaled dimensionless units for length, time and energy namely:
0 and ω 0 , respectively. We will focus our study discussion on behaviour in the regime characterized by the dominating effect of particle interactions such that µ ≫ ω 0 , where µ is the chemical potential. A measure of the strength of the condensate interaction is given by:
, so that C → 0 represents the ideal gas and C → ∞, describes the hydrodynamic limit. Experiments studying the scissors and gyroscope modes performed by the Oxford group [13, 14, 15, 11] employ the atom Rb 87 for which a ≈ 110 a.u.. So a typical value of C corresponding to a trap frequency ω 0 = 2π × 110 Hz and particle number N 0 ∼ 5000 would be C ∼ 1000, while ω 0 = 2π × 62 Hz with N 0 ∼ 20000 is equivalent to C ∼ 3000. It is useful to adopt a dual labelling corresponding to (i; n r , n θ , n z ) for the ideal gas limit and (h; q r , m, q z ) for the hydrodynamic modes. The angular momentum projection is the quantum number; n θ = 0, ±1, ±2, . . . . The radial and axial excitation modes can then labelled by n r , n z = 0, 1, . . . . So that, as C → 0, the energy of the state (i; n r , n θ , n z ) has the value:
Therefore the excitation frequencies, with respect to a singly-quantized vortex (i; 0, ±1, 0) are given by:
However, for finite C we must solve equations (3) and (4) numerically. If the condensate circulation is κ = 0, ±1, ±2, . . ., then separating variables gives:
so that:
The label m = n θ − κ denotes angular momentum with respect to the condensate. Thus: u nr,m,nz (r, z, ϕ) =ũ nr,nz (r, z)e i(m+κ)ϕ and v nr,m,nz (r, z, ϕ) =ṽ nr,nz (r, z)e i(m−κ)ϕ , with frequency, ω nr,m,nz , are solutions of the eigenvalue problem
where
In our calculations, the equations are discretized by Lagrange meshes [16] ; the radial coordinate is defined at M grid points (r 1 , r 2 , . . . , r M ) and the axial coordinate at N points (z 1 , z 2 , . . . , z N ). Therefore:
where f, g are Lagrangian interpolating functions such that
Each quasiparticle pair of functions (ũ,ṽ) is treated in the same way. The Lagrange functions for the r-coordinate are generalized Laguerre polynomials [16] , scaled to encompass the entire condensate, with typically M = 50 mesh points. Hermite polynomials are used in the zdirection so that
. and H l (z) are the Hermite polynomials associated with weights w(z) = e −z 2 and normalization factor h N = 2 N π 1/2 N. A high degree of accuracy was found with only N = 30 points. The resultant eigenvalue problem was solved using Newton's method for equation (17) and a standard eigenvalue routine for equations (18, 19) . Convergence was established by a combination of grid scaling and number of mesh points, so that at least six-figure accuracy was assured for all frequencies.
Time-dependent Gross-Pitaevskii equation
Direct solution of the time-dependent Gross-Pitaevskii equation (1) in combination with spectral analysis can also be used to determine the frequency spectrum [16] and understand the dynamics of the density fluctuations. The ground state of the system was found by evolving the Gross-Pitaevskii equation in imaginary time using the split-step Fast-Fourier transform propagator [16] . At each time step the fluid circulation is imposed by a phase gradient corresponding to κ = +1 until the density and chemical potential stabilized. This normally takes no more than several trap periods. The mean field or condensate wavefunction is then allowed to evolve in real time under the external perturbation and physical observable can be extracted from the wavefunction. The rotation of the trap by a small angle creates a small population of excited states and the linearization (2) is appropriate. It follows that the expectation value of any operator will exhibit beats between the various modes. Since a simple rotation will not induce centre-ofmass (dipole) motion, the lowest-order distortion will arise in the quadrupole densities. The quadrupole moments:
where Ψ ( r, t) is the solution of equation (1), will contain information on radial and axial excitation, and a spectral analysis can resolve the mode frequencies. We present results for the scaled moments: yz ≡ (2/N 0 )Q yz (t) and xy ≡ (2/N 0 )Q xy (t), and the corresponding power spectral densities:
Coherent hydrodynamic states
The hydrostatic spectrum, equation (10), also follows from a simplified version of the the Bogoliubov-de Gennes equations [17] when quantum pressure has been neglected:
where h ± j = u j ± v j , and q 2 is the vortex-free hydrostatic density given by
These equations can be solved in closed analytic form using series expansions [17] to yield expressions for the quasiparticle amplitudes. The scissors mode quadrupole for λ > 1, with ρ (h) (r) ∝ xz, first proposed by Guery-Odelin and Stringari [18] and experimentally observed by Maragó et al. [13] has the frequency:
while the quadrupoles corresponding to n θ = ±2 are degenerate with frequency: Ω xy = √ 2. The scissors mode, selected by sudden rotation θ 0 , introduces a perturbation:
In the absence of a vortex (κ = 0), the coupling to the degenerate n θ = ±1 states is equal and opposite. However if a vortex is present (κ = 1), the coupling is asymmetric since the state m = +|m| rotates with the condensate flow at frequency ω + , whereas the mode m = −|m| is counter-rotating at frequency ω − , see figure 1 . Consequently the velocity field divides into two flows. The frequency difference was calculated analytically using a hydrodynamic model [20] with the result that where I xx is the inertia tensor. The result also agrees with the result of Svidzinsky and Fetter [21] which treats the vortex core as a perturbation of the hydrostatic Thomas-Fermi density. The result can be found and understood using a classical model of the motion.
To obtain the amplitude of precession and nutation, the population of the excited modes are required. Since the tilting is small and sudden, we can use diabatic perturbation theory A small sudden rotation by an angle θ 0 about the y-axis, with generator
, gives rise to the function:
The coherent mode amplitudes are the projection of the unrotated condensate to the modes in the rotated frame of reference.
Then the projection by the state h
The rotation mixes the initial state with other hydrodynamic modes through the ladder operators L ± and couples to m = ±1, ±2. Suppose we wish to calculate these amplitudes and frequencies by perturbation theory. The vortex core distorts the density over a comparatively small volume of the condensate, and to a first approximation the density is the axisymmetric Thomas-Fermi distribution, equation (29) . Therefore, as a simple first-order approximation we take
where q 2 is given by equation (29). The time-independent equations (28,28) can be used to calculate the quasiparticle functions. Hence the transition amplitudes, a j , [19] can be extracted analytically [19] . In this approximation, the excitation spectrum is the same as the vortex free case, therefore it does not include the degeneracy splitting terms that arise in higher-order perturbation theory [20, 21] . The quadrupole excitations parallel to and perpendicular to the symmetry axis are defined as:
and can be calculated analytically. The results for this coherent hydrodynamic model are presented in figures 3 and 4.
Classical model
The principal moments of inertia of this inhomogeneous density, equation (29), are:
I s where
Considering small deviations from the density, the Lagrangian density, L a , is given by [24] :
where the potential per unit mass is U = (V ext /m a )+(gρ/2m 2 a ) and v = ∇φ v . Discarding the last term gives the classical interacting fluid [25] with the corresponding Hamiltonian density:
At equilibrium the condensate has a hydrostatic (vortex-free) density and angular momentum N 0 κ. A small change of orientation of the trap creates density and velocity changes,ρ,ṽ:
In the body-fixed frame, and for quadrupole (xz) perturbations only, this leads to an effective potential
Then the Lagrangian in the space-fixed frame has the form, for small θ:
From this Lagrangian, Hamilton's equations arė 
Therefore the vortex motion is described by
which describes a steady azimuthal precession, frequency ω p = J 0 /2I xx , combined with sinusoidal nutation at a frequency slightly higher than the vortex-free scissors oscillation. The precessional motion splits the frequencies. It is equivalent to a steady background rotation of the condensate. In analogy to a Doppler shift, internal flow around the z-axis associated with the quantum number ±m would be shifted so that ω
This splitting, understood in terms of classical precessional motion, is identical to the quantum expression obtained by Zambelli et al [20] and also obtained by Svidzinsky and Fetter [21] .
Initially the condensate has a pure rotation about the z ′ -axis so thatψ = J 0 /I 3 , and the condensate is impulsively tilted by an angle θ 0 . The Hamilton equations are solved numerically, with the initial conditions, t = 0:
In order to compare the classical dynamics with quantum theory we calculate the classical equivalent of the quadrupole moment: the products of inertia of the top in the laboratory frame of reference. The time dependence of the products of inertia is governed by the orientation of the axis of the top and thus will oscillate in time. The transformations between the laboratory and fixed-frame quadrupole gives
Since the inertia moments, I xx and I zz , are constant, the time dependence is entirely governed by φ(t) and θ(t). These functions are determined by numerical integration of equations (45) (1), (2) and (3) correspond to those found in the power spectrum of yz . The dashed lines (a),(b) , (c) and (d) are prominent in the quadrupole xy . The centre-of-mass dipole mode (dotted line) is included for completeness as well as the negative frequency mode (h; 0, −1, 0); line (e). The limit C → 0 corresponds to the ideal gas modes (i; n r , n θ , n z ) with frequencies given by equation (15) . means the vortex line nutates between the 1st and 2nd quadrants of the yz-plane which leads to a change of sign in Q xz each half cycle of the scissors period. The yz-quadrupole amplitude is more easily observable by experiment because it images the density fluctuations perpendicular to the vortex axis and is of order θ 0 . Conversely, the xy-quadrupole is proportional to θ 2 0 . The classical precession motion should appear in the Q xy quadrupole as the envelope having four nodes during each precession cycle corresponding to crossing the planes x = 0 and y = 0.
Results and Discussion
Our numerical studies focus on a singly-quantized vortex (κ = 1) condensate in a pancake shaped trap λ = √ 7. Our simulations were carried out for values of interaction strengths, C, up to 4000. The spectra obtained for 0 < C < 1000 are shown in figure 7 , for higher C the variation in chemical potential and excitation spectrum is slow and smooth. For a detailed discussion of the physics of the motion we focus on C = 1000, corresponding to the regime of interest to current experiments. The equivalent chemical potential for the hydrostatic density in the absence of a vortex is: µ TF = (15λC/64π) 2 5 ≈ 8.282 ≫ 1. This indicates that while this lies well within the region of validity of the hydrodynamic approximation, µ ≫ ω 0 , the trap energy and vortex core inhomogeneity are still significant and one would expect deviations from the hydrodynamic model. Prior to analyzing the motion in detail, an example of the density fluctuations produced by our simulations is shown in figure 2 . The time-dependent Gross-Pitaevskii equation (1) is solved in imaginary time with κ = 1 to generate the initial state of the condensate. The trap is then suddenly tilted by a small angle, θ = 10
• , about the y axis and the evolution of the condensate follows the time-dependent Gross-Pitaevskii equation. Surfaces of constant density of the condensate are shown in figure  2 in the tilted space-fixed frame of reference. A vertical cut through the surface reveals the vortex core structure over a single trap period. The first image t = 0 is the initial configuration, the subsequent images are taken at regular intervals, t = 1.3, 2.6, 3.9, 5.2 and t = 6.5, respectively, in units of ω The lower beat (precession) frequency (figure 3) contrasts with higher mode frequencies compared with the hydrodynamic limit, as illustrated in figure 4 . In figure 7 it is clear that, for C = 1000, the curves (1) and (2) corresponding to these modes have not reached the asymptotic limit C → ∞.
The recent measurements of the vortex precession [11] in which λ ≈ 2.66 and N 0 ≈ 19000 ± 4000 corresponds to an interaction strength C ≈ 2870 ± 600 which is towards the extreme hydrodynamic limit. Our calculation for the precession frequency using the GrossPitaevskii equation and based on these parameters is ω is equivalent to a precession frequency of 7.3 ± 0.1Hz, compared with the experimental result of 8.3 ± 0.7Hz. Thus the measurement shows a slightly faster rate of precession than we predict, and the observations are more consistent with the results based on hydrodynamic theory [20, 21] . While the limitations of zero temperature models are well known, the hydrodynamic approximation is generally less accurate than the Gross-Pitaevskii equation. Moreover, a refinement of the model to include the viscous effects of the thermal fluid would probably reduce ω GPE p further and thus increase the gap between experiment and theory. Certainly the effects of damping on the gyroscopic motion have been observed [11] in this very experiment. Therefore, while the results of the observations and the theory outlined above are in good agreement, there are still some significant differences.
Lastly, and for completeness, the quadrupole excitation weakly populates a lowfrequency mode at ω = 1.201 on figure 4 this is labelled line (3), and is also marked on figure 7 . This is the lowest z-dipole mode (i; 0, 0, 1)/(h; 0, −1, 1). The variation of frequency of the mode is given in table 1 and drawn in figure 7 . Checks on the numerical accuracy of the methods were also provided by studying the invariance of the centre-of-mass modes whose frequencies remains constant as the particle number or interaction strength C; a consequence of the Kohn theorem [27, 28] , figure 7.
In the hydrodynamic regime, C ≫ 1000, the appropriate labelling for the modes is (i; 0, 2, 1) → (h; 0, +1, 1) and (i; 1, 0, 1) → (h; 1, −1, 1), reflecting the quadrupole description. Values of the (h; 0, +1, 1) frequency are given in table 1, in which the highly accurate Bogoliubov de-Gennes results are compared with results using the time-dependent linear response method [16] . This confirms the accuracy both of the direct time-dependent method and the linear response approximation. The simple classical model provides a good description of the mechanisms of collective motion, though quantitative agreement is not so good. Having found broad agreement between all methods for the physical motion in the vertical plane, one might assume that the picture of a nearly rigid vortex core is a valid model. The difficulty in extending a rigid body model is apparent from figure 2 where the nonclassical bending and twisting of the vortex core is quite pronounced. Analysis of the horizontal plane quadrupole moment xy shows periodicity but irregularity (figure 5). This is not a simple two-mode mixture as predicted by the classical theory, equations 50, and the strong disagreement between the classical and quantal model is evident (figure 5). One difference is the amplitude of oscillation is much larger than classically predicted, associated with the vortex bending away from the centre. Although this nonclassical behaviour is pronounced on this scale, the moment is of order θ 2 0 and might be difficult to resolve experimentally. The main feature is the sign changes in the quantal calculations that indicate the bending of the vortex in the xy plane. This combined with bending in the vertical plane means the vortex has a helical twist (figure 2). The spectrum (figure 6) is dominated, by two pairs of lines labelled (a,b) and (c,d). Figure 7 and table 1 give additional information on the frequency variation with C of these modes. The lines (c) and (d) are the quadrupole pair (h; 1, +2, 0) and (h : 1, −2, 0), respectively. In the hydrodynamic limit with κ = 0 they corresponds to the doubly-degenerate xy-quadrupole with frequency, ω = √ 2. The correlation of this pair to the states at C = 0, (i; 1, 3, 0) and (i; 1, −1, 0), is shown in figure 6 . The splitting of this quadrupole pair ∆ω = 0.443ω 0 is a signature of vortex precession, though again it is substantially smaller than the classical prediction 4ω p ≈ 0.548 associated with a rigid vortex crossing the x = 0 and y = 0 planes during each cycle of precession. The dominance of mode (c) over (d) is apparent ( figure 6 ) and a feature of the very different radial densities and large gap in energies of these states. The pair of highfrequency lines (a) and (b) also contribute strongly to the spectrum. These are the dipole-like modes (h; 1, 1, 0) and (h; 2, −1, 0) that are degenerate as C → 0 are have the symmetry (i; 1, 2, 0) and (i; 2, 0, 0) in this limit. The lines converge slowly towards the limit ω = 2.3205 as C → ∞. Finally the spectrum shows two low-intensity lines at ω ≈ 0.274 and ω ≈ 1.892. These are not new modes but rather vestiges of the yz modes; the low frequency line being the splitting of lines (1) and (2) in figure 4 , and the higher frequency line, the beat between lines (1) and (3).
In conclusion, we have studied the gyroscopic dynamics of a trapped Bose-Einstein condensate containing a vortex. We modelled the system using a classical top description and numerically by solution of the time-dependent Gross-Pitaevskii equation. We also compared our results with the hydrodynamic approximation. The linear-response equations for the system were solved giving the excitation spectra and amplitudes. The superfluid precession and nutation of the vortex was found to display quantum frequency shifts which are not accounted for by hydrodynamic theory. The precession frequency was calculated and found to be consistent with recent experiments, though a small discrepancy exists. The helical oscillations of the vortex core are also observed through analysis of the quadrupole fluctuations perpendicular to the symmetry axis. This allowed the identification of the asymmetric quadrupole excitations that give rise to the twisting motion.
